Proceedings of Algoritmy 2000, pp. 420–429

THE FINITE ELEMENT METHOD WITH SEMIREGULAR HERMITE CUBIC TETRAHEDRAL ELEMENTS

ALEXANDER ŽENíŠEK, JANA ZLÁMALOVÁ^∗

Two-dimensional and three-dimensional simplicial semiregular finite elements are very interesting from the theoretical viewpoint and useful for applications: their theory is relatively new, many problems open and modelling constructions with their aid is flexible.

We explain first the notions regular, semiregular and irregular element in the case of triangles. We say that a triangle is regular iff it satisfies minimum angle condition, i. e. its smallest angle is bounded away from zero. We say that a triangle is semiregular iff it satisfies maximum angle condition, i. e. the maximum angle of the triangle is less or equal to γ_0 < π. It should be noted that the smallest angle of a semiregular triangle can be arbitrary small. We say that a triangle is irregular if it does not satisfy the maximum angle condition. Such triangles can have two angles arbitrarily small. (See Figs. 1-3.)

Fig.1. A regular triangle Fig. 2. A semiregular triangle

Fig.3. An irregular triangle

In the case of tetrahedra we start with the notion “a semiregular tetrahedron”. Its definition is a generalization of the two-dimensional case: A tetrahedron is semiregular iff the maximum angle made by two arbitrary faces is less or equal to ω_0 < π. There are three basic types of semiregular tetrahedra (see Figs. 4-6). We say that a tetrahedron is regular iff it is semiregular and has regular triangular faces.

A tetrahedron which is not semiregular is called irregular. Such a tetrahedron can have regular triangular faces (see Fig.7, where the tetrahedron has vertices [0, 0, 0], [1, 0, 0], [0, 1, 0] and [^1_3 ,^1_3 , ε]; here ε can be arbitrarily small).

Semiregular triangles and tetrahedrons of the Lagrange type (i. e., where function values are considered as parameters only) were studied in many papers (see, for example, [AD], [BA], [BG], [Du], [Gr], [Ja], [Kř1], [Kř2], [Sh], [Sy, pp. 209-213]). This paper is focused on simplexes with cubic polynomials of the Hermite type. Such finite elements have some parameters standard: In the case of triangles these parameters are function values and both first partial derivatives prescribed at the vertices – together nine parameters. In the case of tetrahedrons these parameters are function values and three first partial derivatives prescribed at the vertices – together sixteen parameters.

∗Technical University, Department of Mathematics, Technická 2, 616 69 Brno, Czech republik, e-mail: zenisek@um.fme.vutbr.cz, zlamalova@um.fme.vutbr.cz 420

SEMIREGULAR HERMITE CUBIC TETRAHEDRAL ELEMENTS 421

Fig.4. A semiregular tetrahedron of type K1

Fig. 5. A semiregular tetrahedron of type K2

Fig.6. A semiregular tetrahedron of type K3

Fig. 7. An Irregular tetrahedron

In the case of cubic Hermite triangles one parameter can be chosen in various ways; the only requirement is its independence on the previous nine parameters. Usually this parameter is the function value at the centre of gravity of the triangle. However, such a choice gives only an estimate for the gradient of the type (see[Zl]) | | | ∂u ∂x_k (P ) − ∂u_I ∂x_k (P ) | | | ≤ CM^4 sin α_T h^3_T ∀P ∈ T , (1) where u(x_1, x_2) is the interpolated function belonging to C^4(T ) and satisfying | |D^iu(x_1, x_2) | | ≤ M_4 , |i| = 4, (2) u_I (x_1, x_2) its cubic Hermite interpolant, h_T the length of the greatest side of T and α_T the minimum angle of T ; C is a generic constant.

Estimate (1) needs the minimum angle condition. To obtain an estimate suitable for semiregular triangles the choice of the tenth parameter must be more sophisticated. Following [Že] we can choose ∂u_I ∂n_a (Q) = ∂u ∂n_a (Q), (3)

422 A.^ˇZEN^´I^ˇSEK AND J. ZL^´AMALOV^´A

where Q is the midpoint of the shortest side a of the triangle and n_a the unit normal to this side. In this case we obtain (see [Že]) | | | ∂u ∂x i (P ) − ∂u_I ∂x_k (P ) | | | ≤ CM^4 sin β h^3_T ∀P ∈ T , (4) where β is the second angle of the triangle (α ≤ β ≤ γ). In [Že] also other possibilities of the choice of the tenth parameter are analyzed.

In the case of tetrahedra the situation is more delicate. We explain why. In the two-dimensional case only nine parameters (prescribed at the vertices) are needed for guaranteeing the C^0-continuity in a triangulation. In the three-dimensional case all twenty parameters of the cubic polynomial on a tetrahedron are necessary for guaranteeing the C^0-continuity. This follows from the fact that if two tetrahedra have a common face we need for guaranteeing the C^0-continuity ten parameters on the face – and only nine of them are obtained as linear combinations of the parameters prescribed at the vertices of the common face. Thus the problem how to choose the remaining four parameters on a semiregular tetrahedron is more complicated than in the two-dimensional case. However, it can be shown (see [ŽZ]) that the threedimensional case is in a certain way a generalization of the two-dimensional case. We present now the main results of [ŽZ].

Fig.8 Choosing the normals in the case of K1

We shall denote by P_1, . . . , P_4 the vertices of the tetrahedron K1 (see Fig. 8) and by Q_{ij} the midpoint of the edge P_iP_j . The symbol ϱ_i will denote the plane containing the triangular face T_i opposite to the vertex P_i. The symbol n_i denotes the unit normal to the boundary ∂T_i of the triangle T_i; this normal lies, of course, in the plane ϱ_i.

The symbols α_i (i = 2, 3, 4) will denote three angles at the vertex P_1 lying in triangular faces T_2, T_3, T_4. Similarly, β_i (i = 1, 3, 4) denote the angles at the vertex P_2, γ_i (i = 1, 2, 4) denote the angles at the vertex P_3 and δ_i (i = 1, 2, 3) the angles at the vertex P_4. The symbol ω_{ij} will denote the angle made by the planes ϱ_i and ϱ_j .

The main result can be formulated in the following theorem. Theorem 0.1. Let u ∈ C^4(K) and let |D^αu(P )| ≤ M_4 for all |α| = 4 and all P ∈ K. Let p(x, y, z) be a polynomial of degree not greater than three which satisfies for K = K1 or K = K2 the relations

D^αp(P_j ) = D^αu(P_j ) |α| ≤ 1 (j = 1, . . . , 4) , (5)

SEMIREGULAR HERMITE CUBIC TETRAHEDRAL ELEMENTS 423

Fig. 9. Choosing the normals in the case of K2

Fig. 10. Choosing the normals in the case of K3

∂p ∂n_1 (Q_{23}) = ∂u ∂n_1 (Q_{23}), ∂p ∂n_2 (Q_{14}) = ∂u ∂n_2 (Q_{14}), (6) ∂p ∂n_3 (Q_{14}) = ∂u ∂n_3 (Q_{14}), ∂p ∂n_4 (Q_{23}) = ∂u ∂n_4 (Q_{23}).

Then relations (5), (6) determine uniquely the polynomial p(x, y, z) and the function φ(x, y, z) ≡ u(x, y, z) − p(x, y, z) (7) satisfies relations | | | ∂φ ∂x (A) | | | , | | |∂φ ∂y (A) | | | , | | | ∂φ ∂z (A) | | | ≤ CM^4h^3 sin ω sin σ ∀A ∈ K1 , (8)

|φ(A)| ≤ CM_4h^4 sin ω sin σ ∀A ∈ K1 (9) where in the case of K1 and K2 the angles ω and σ are defined by relations

ω = min(ω_{12}, ω_{24}), σ = min(α_2, α_3, γ_1, γ_4, δ_2, δ_3) .

(10)

The modification of the assumption (6) is in case of K3 clear and in this case we have

ω = min(ω_{12}, ω_{23}, ω_{24}), σ = min(γ_1, γ_2, γ_4, δ_2, δ_3) .

(11)

Sketch of the proof

Relations (5) – (7) with |D^αu(P )| ≤ M_4 (∀|α| = 4) imply D^αφ(P_i) = 0 |α| ≤ 1 (i = 1, . . . , 4), (12) ∂φ ∂n_1 (Q_{23}) = ∂φ ∂n_2 (Q_{14}) = ∂φ ∂n_3 (Q_{14}) = ∂φ ∂n_4 (Q_{23}) = 0 , l; abel13

(13)

424 A.^ˇZEN^´I^ˇSEK AND J. ZL^´AMALOV^´A |D^αφ(P )| ≤ M_4 |α| = 4 ∀P ∈ K1 , (14)

At each plane ϱ_i we can choose a Cartesian coordinate system x_i, y_i. The axis z_i belonging to this system is oriented in the direction of the normal to the triangular face T_i, so that it is not necessary to choose a special symbol for the normals to the triangular faces.

Theorem 0.1 and relations (12) – (14) imply the following estimates: |φ(P )| ≤ CM_4h^4 ∀P ∈ ∂K , (15) | | | | ∂φ ∂x_i (P ) | | | | , | | | | ∂φ ∂y_i (P ) | | | | ≤ CM_4h^3 sin σ

(16) ∀P ∈ T_i (i = 1, . . . , 4), Relations (12) and (13) imply: ∂φ ∂z_j (P_i) = 0 (i = 1, . . . , 4; j = 1, . . . , 4, j ≠ i) ,

(17)

∂φ ∂z_1 (Q_{23}) = ∂φ ∂z_4 (Q_{23}) = ∂φ ∂z_2 (Q_{14}) = ∂φ ∂z_3 (Q_{14}) = 0 .

(18)

As to the derivatives^{∂φ}_{∂xi} at the midpoints Q_{ij} of edges the preceding results imply after some calculations (see [ŽZ]) | | | ∂φ ∂z_i (Q_{jk} ) | | | ≤ CM_4 sin ω sin σ h^3 (i = 1, . . . , 4; j ≠ i, k ≠ i, k ≠ j). (19)

Now we come to the crucial point of our considerations which consists of several applications of the following Lemma 0.2, which was proved in [Zl].

Lemma 0.2. Let the function ψ(x_i, y_i) be continuous on a closed triangle T_i and have bounded derivatives of third order in its interior T_i by a constant K_3. Further, let ψ(P_j ) = η_j , ψ(Q_{km}) = ζ_{km}, P_j being the vertices of T_i and Q_{km} the midpoints of its sides. Then we have on T_i |ψ(x_i, y_i)| ≤ 6η + 1 3 K_3h^3, η = max(|η_j |, |ζ_{km}|). (20)

Lemma 0.2 and relations (14), (17), (19) imply the following estimates (we set ψ =^{∂φ}_{∂zi} ): | | | ∂φ ∂z_i (P ) | | | ≤ CM^4h^3 sin ω sin σ ∀P ∈ T_i (i = 1, . . . , 4). (21)

As x_i, y_i, z_i are Cartesian coordinate systems, we have in the global Cartesian coordinate system x, y, z, according to (16) and (21): | | | | ∂φ ∂x (P ) | | | | , | | | | ∂φ ∂y (P ) | | | | , | | | | ∂φ ∂z (P ) | | | | ≤ CM_4h^3 sin ω sin σ

(22) ∀P ∈ T_i (i = 1, . . . , 4).

SEMIREGULAR HERMITE CUBIC TETRAHEDRAL ELEMENTS 425

Let A ∈ K1 (A ≠ P_1) be an arbitrary fixed point and ϱ(A) the plane passing through the point A and parallel with the (x, y)-plane. Let T = ϱ(A) ∩ K1. At every point P ∈ ∂T estimates (22) are satisfied; hence, using again Lemma 0.2, we obtain estimates (8).

In estimating function values we shall use the following lemma which is proved in [Zl, Lemma 5]:

Lemma 0.3. Let g(0) = η_0, g(l) = η_1, g^′(0) = k_0, g^′(l) = k_1 and |g^{(4)}(s)| ≤ K_4 in (0, l). Then for s ∈ [0, l] |g(s)| ≤ max |η_j | + 4l 27 (|k_0| + |k_1|) +

K_4 16 · 24 l^4 .

Let A ∈ K1 be an arbitrary fixed point for which A ≠ P_1. Let B ∈ T_1 be the point lying on the line passing through P_1, A. Let us set l = dist(P_1, B) and let us consider the function g = φ | |_{P1B} . Then, using Lemma 0.3, we obtain estimate (9) from relations (12), (14), (15), (16) (with i = 1) and (21) (with i = 1).

It remains to prove that relations (5), (6) determine uniquely the polynomial p(x, y, z): If u(x, y, z) is a polynomial of third degree, then M_4 = 0 and estimate (4.9) yields u(x, y, z) = p(x, y, z).

Fig. 11 A general case of type K1

Of course Theorem 0.1 holds not only for tetrahedrons K1, K2 and K3 but also for tetrahedrons arising from K1, K2 and K3 by deformation (see, e.g., Fig. 11 where dist(P_1, (y, z)) > 0 and maybe dist (P_1, (x, z)) > 0). The only restriction is that the tetrahedron remains semiregular after this deformation.

The most used tetrahedrons are flat tetrahedrons which arise from K1 by means of deformation (see Fig. 12). However, in such tetragonalizations the finite element method cannot be used. The explanation is clear from Fig. 13: on a common face of two tetrahedrons the tenth parameters (i.e., normal derivatives) are situated on different sides of the face; thus the continuity of the global function is not guaranteed.

It seems that we have arrived into a closed street. However, there is a remedy which has at least three variants which we shall introduce. The first one is sketched in Fig. 14. Instead of prescribing two normal derivatives at the point Q_{12} in the directions n_{123} and n_{126} we prescribe only one in the normal direction n_{123} which lies in the plane P_1P_2P_3. The twentieth parameter in the tetrahedron P_1P_2P_3P_6 will be

426 A.^ˇZEN^´I^ˇSEK AND J. ZL^´AMALOV^´A

Fig 12 The use of semiregular tetrahedral elements

Fig. 13 Disaster

prescribed at the point Q_{26} as the normal derivative in the direction n^∗_{126} which lies in the plane P_1P_2P_6. This is the only parameter prescribed at the point Q_{26}. Instead of the derivative^{∂φ}_{∂n264} (Q_{26}) we prescribe the normal derivative^{∂φ}_{∂n}∗_{264} (Q_{46}). If the tetragonalization has only one layer (see Fig. 12) then we can prescribe at the point Q_{46} the derivative^{∂φ}_{∂n456} (Q_{46}) (in this case we obtain at this point a better accuracy - see later); however from the symmetry reason we can prescribe the derivative ∂φ ∂n^∗_{456} (Q45). Doing this we obtain a piecewise polynomial function which is continu-

ous in the polyhedron with six vertices P_1, . . . , P_6 which consist of three tetrahedrons P_1P_2P_3P_6, P_1P_2P_6P_4, P_2P_6P_4P_5 with disjoint interiors.

Of course, we must pay something for this change: now a semiregular (flat) tetrahedron cannot have the short edge arbitrarily small; we must assume that (see Fig. 15)

dist(P_2, P_3) = O(h^{1+ε}), 0 < ε < 3.

(23)

SEMIREGULAR HERMITE CUBIC TETRAHEDRAL ELEMENTS 427

Fig. 14 The remedy

Then

sin ω_{23} =

O(h^{1+ε}) O(h) ≥ Ch^ε (0 < ε < 3). In applications we usually take (because of error estimates) ε = 1.

Inspecting the proof of Theorem 0.1 we see that at the point Q_{14} (a critical point)

we have | | | | ∂φ ∂z_2 (Q_{14}) | | | | , | | | | ∂φ ∂z_3 (Q_{14}) | | | | ≤ C^∗h^{3−ε}. (24)

Other relations and estimates from (17)–(19) remain without any change. Thus,

instead of estimates (8), (9) we derive | | | | ∂φ ∂x (A) | | | | , | | | | ∂φ ∂y (A) | | | | , | | | | ∂φ ∂z (A) | | | | ≤ CM_4h^{3−ε} sin ω sin σ ∀A ∈ K1, (25)

|φ(A)| ≤ CM_4h^{4−ε} sin ω sin σ ∀A ∈ K1, (26)

where 0 < ε < 3.

The second variation: Instead of conditions ∂φ ∂n_2 (Q_{14}) = ∂φ ∂n_3 (Q_{24}) = 0

we prescribe

φ(S_2) = φ(S_3) = 0

where S_2 and S_3 are the centers of gravity of the triangular faces T_2 and T_3, respec-

tively. We shall have again one critical point Q_{14} at which (24) hold with a possibly

greater constant C^∗. Thus we arrive again to estimates (25), (26).

428 A.^ˇZEN^´I^ˇSEK AND J. ZL^´AMALOV^´A

The third variation (the case of the classical parameters for the cubic Hermite tetrahedral finite element): Instead of four normal derivatives (see Fig. 15) we prescribe

φ(S_i) = 0 (i = 1, . . . , 4)

where S_i is the center of gravity of the triangular face T_i (i = 1, . . . , 4). In this case all six midpoints Q_{ij} of edges P_iP_j are critical points; we have instead of (18), (19) | | | ∂φ ∂z_i (Q_{jk} ) | | | ≤ C^∗h^{3−ε} (i = 1, . . . , 4; j ≠ i, k ≠ i, k ≠ j). Estimates (25), (26) again hold; only numerical experiments will show whether the third variation is worse (because of six critical points instead of one).

Fig.15 To the estimates (25),(26)

REFERENCES

[1] T. Apel and M. Dobrowolski Anisotropic interpolation with applications to the finite element method Computing vo.l47 1992 pp. 277–293 [2] I. Babuška and A.K. Aziz On the angle condition in the finite element method SIAM J.

Numer. Anal. vol. 13 1976 pp. 214–226 [3] R.E. Barnhill and J.A. Gregory Sard kernel theorems on triangular domains with applications to finite element error bounds Numer. Math. vol. 25 1976 pp. 215–229 [4] R.G. Durán Error estimates for 3-d narrow finite elements Math. Comp. vol. 68 1999 pp.

187–199 [5] J.A. Gregory Error bounds for linear interpolation on triangles Proc. MAFELAP II J.R.

Whiteman, Academic Press London 1976 pp.163–170 [6] P. Jamet Estimations d’erreur pour des éléments finis droits presque dégénérés RAIRO Anal.

Numér. vol.10 1976 pp. 43–61 [7] M. Křížek On semiregular families of triangulations and linear interpolation Appl. Math.

vol.36 1991 pp. 223–232 [8] M. Křížek On the maximum angle condition for linear tetrahedral elements SIAM J. Numer.

Anal. vol.29 1992 pp.513–520 [9] N. Al Shenk Uniform error estimates for certain narrow Lagrange finite elements Math.

Comp. vol. 63 1994 pp. 105–119

SEMIREGULAR HERMITE CUBIC TETRAHEDRAL ELEMENTS 429

[10] J.L. Synge The Hypercircle in Mathematical Physics Cambridge Univ. Press, London 1957 [11] A. Ženíšek Maximum-angle condition and triangular finite elements of Hermite type Math.

Comp. vol.64 1995 pp.929–941 [12] A. Ženíšek and J. Zlámalová Semiregular Hermite tetrahedral finite elements (to appear in Appl. Math.)

[13] M. Zlámal On the finite element method Numer. Math. vol.12 1968 pp. 394–409